We show that for a rational polygonal billiard, the set of pairs of 
Introduction
Consider a source of light as a point in a bounded planar region. The emanating rays hit the boundary and reflect with angle of reflection that equals the angle of incidence, angles taken between the rays and the tangent to the boundary at the point of incidence. Does such a light source illuminate the whole region? Is the region illuminable from any point? These two questions of planar geometry are attributed to Ernst Straus in the 1950's, although the requirement that the region is polygonal might have appeared later. An example for a region that is not illuminable by any point was given by Penrose [Pen58] in 1958 for a region with curved boundary. A set of examples for polygonal regions with two points that do not illuminate each other was given in the 1990's by Tokarsky [Tok95] . Those polygons have the property of being rational in the following sense: Definition 1.1. A polygon is called rational if all angles between edges are in Qπ where the angle between two edges is the angle at the intersection point of their linear continuation.
We use the language of billiard dynamical systems to discuss illumination. A pair of points on a polygon Q do not illuminate each other if there is no billiard trajectory on Q connecting those points. When Q is rational, the process (which will be discussed in detail below) of unfolding Q results in an associated translation surface M . Illumination in rational polygons is then generalized by a restrictive condition defined for billiard trajectories as well as translation surface geodesics, called the blocking property. A pair of points A, B ∈ Q is finitely blocked if all billiard trajectories between them pass through some finite set, called a blocking set. The blocking set is not allowed to contain A and B. We denote the minimal cardinality of a blocking set for A, B as BC(A, B). Similarly, blocking and illumination is defined on M : a pair x, y ∈ M of non-singular points is finitely blocked if all geodesic trajectories on M connecting x and y pass through some finite set disjoint from {x, y}. The terms blocking set and blocking cardinality are defined similarly, and BC(x, y) = 0 amounts to non-illumination of x and y.
Illumination and blocking are properties of translation surfaces in general, regardless of whether they are an unfolding of a rational billiard. Lelièvre, Monteil and Weiss ( [LMW16] ) had several results regarding translation surfaces in general: they showed that a translation surface M is a ramified translation cover of the torus if and only if all pairs of non-singular points are finitely blocked, and in that case there is a typical n such that every pair of points has BC ≤ n. They also showed that for a fixed x ∈ M , the set of points that do not illuminate x is finite. For a rational polygon Q that unfolds to a translation surface that is not a torus cover, Apisa and Wright ( [AW17] ) showed that if all angles are multiples of π/2 then each point in Q is finitely blocked from only finitely many other points, and in case there is an angle that is not a multiple of π/2, then there are at most finitely many pairs of points that are finitely blocked. Theorem 1. Let Q be a rational polygon with connected interior and let M the translation surface obtained by unfolding Q, then:
(i) Only finitely many pairs of points in Q do not illuminate each other.
(ii) {(A, B) ∈ Q 2 : BC(A, B) ≤ n} is finite for every integer n > 0 if and only if M is not a torus cover. 
Illumination and Blocking in Rational Billiards and Translation Surfaces
Let Γ be the group generated by the linear parts of reflections along edges of a polygon Q. Γ is finite if and only if Q is rational and in this case a process of unfolding (also named Katok-Zemliakov construction) yields a translation surface M : a compact, orientable surface with an atlas of planar charts such that all transition maps are translations, and equipped with a flat metric defined outside a finite set of singularities Σ. For a general description of translation surfaces we refer to [MT02] , [Vor96] . The unfolding process begins with taking all reflections and rotations of Q by elements of Γ with arbitrary translations to avoid overlaps, marking the resulting set of polygons {Q (γ) : γ ∈ Γ} and denoting the affine maps φ γ (x) = γx + v γ for suitable
. We then identify edges in the following way:
edges e 1 , e 2 on Q (γ 1 ) , Q (γ 2 ) respectively are glued by translations whenever (1) they correspond to the same edge in Q, that is φ
(e 2 ) and (2) e 1 is parallel to e 2 and γ 1 = τ γ 2 where τ is the derivative of reflection in e 1 . For a more detailed description of this unfolding construction we refer to [Vor96] §2.2.
Let A, B ∈ Q and define B γ the unfolded image of B corresponding to The following lemma is a standard claim in billiards but we could not find a reference that provides a detailed proof.
Lemma 2.1. Let Q be a rational polygon, A, B ∈ Q and
A billiard trajectory on Q \ E connecting A and B exists if and only if there exists a geodesic line on M \ Γ{ E (1) , . . . , E (n) } connecting A and
Proof. We introduce the billiard flow on Q and show how the billiard trajectory can be straightened to a geodesic on M and how the geodesic line on M can be folded down or projected to a billiard trajectory on Q. Ob-serve Q × S 1 with the following identifications:
identified whenever q lies uniquely on some edge e of Q (not a vertex) and v 1 , v 2 are symmetrical with respect to that edge, that is, if γ e ∈ Γ is the linear part of reflecting along e then v 2 = γ e v 1 . This set with identification is the phase space Φ(Q) for the billiard flow on Q. It would be useful to describe a trajectory in the phase space α(t) that connects A and B as a sequence of bounces off the wall. Namely, let t 0 = 0 < t 1 < · · · < t n = 1 a sequence of times such that α(t 0 ) = (A, v 0 ), α(t n ) = (B, v n ) and for all 0 < i < n, α(t i ) = (q i , v i ) such that q i is on an edge e i with corresponding
where α 1 (t) ∈ Q , α 2 (t) ∈ S 1 and note that on intervals
is a straight line, α 2 (t) is constant and α(t) is differentiable withα 1 (t) = α 2 (t). Whenever we have such α(t) between A and B, we can straighten it to a geodesic line α(t) on M with α(t 0 ) = A and α(t n ) = B γ for some γ ∈ Γ. Pictorially, we do that by taking every segment between collisions with the walls in Q and drawing it on the suitable copy of Q on M . Let τ 0 def = 1 Γ and for 0 < i < n take
Note that this element is well-defined on overlaps. We need to show that α(t)
is a geodesic line. Iteratively,
is an affine function with derivativė
and ultimately equals to v 0 so α(t)'s image is a geodesic segment in the flat metric of M , connecting A and B γ with γ = τ n−1 . A reverse construction in similar manner shows that a geodesic line between A and B γ for some γ ∈ Γ is projected on a billiard trajectory on Q connecting A and B. This construction shows that if there is a time t such that α(t ) = E then α(t ) = E τ i for some τ i ∈ Γ that corresponds to the time segment to which t belongs
Thus billiard trajectories that avoid E can be straightened to geodesics that avoid Γ{ E (1) , . . . , E (n) }, and such geodesics can be folded down to trajectories that avoid E.
Remark 2.2. Traditionally, a billiard trajectory is defined such that it stops upon hitting a vertex. When the billiard has a vertex with interior angle π/n, the billiard flow can be continued to pass through this vertex. Equivalently, a vertex with interior angle π/n is lifted to a removable singular point in the unfolded surface, on which the flat metric can be defined. The assertion in Lemma 2.1 holds for billiard and geodesic flows continued through π/n vertices and removable singularities respectively. Yet there is a difference in the illumination question between billiards and surfaces. The continuation of a billiard trajectory α(t) through a π/n vertex at time t 0 amounts to the trajectory bouncing back on itself, i.e α(t 0 + t) = α(t 0 − t). In this case non-illumination for a pair of points in the billiard would persist when trajectories are allowed to continue through π/n vertices. On the unfolded surface however, a lifted trajectory α(t) allowed through the removable singularity at α(t 0 ) would pass from one copy of the polygon to the copy shifted by an element γ ∈ Γ which depends on the parity of n. For an even n, γ is a rotation by π (see Lemma 3.1), and for an odd n it is a reflection in the line through the origin that makes an angle of
with the positive side of the X axis. And thus α(t 0 + t) = γ α(t 0 − t), possibly connecting otherwise blocked pairs. By the description of a billiard trajectory continued through a π/n vertex, a pair of points on the surface M that would illuminate each other only when a singularity is removed must descend to the same point on the billiard table Q.
Lemma 2.3. Let Q be a rational polygon, A, B ∈ Q. The following are equivalent:
1. A and B are finitely blocked 2. A and B γ are finitely blocked for all γ ∈ Γ.
3. A τ , B γ are finitely blocked for all τ, γ ∈ Γ.
In addition, for all n ≥ 0, γ, τ ∈ Γ:
. . , E (n) } ⊂ Q a blocking set for A, B, using Lemma 2.1 yields that Γ{ E (1) , . . . , E (n) } is a blocking set for A, B γ for all γ ∈ Γ. (2 ⇒ 3) Let γ ∈ Γ and let K γ ⊂ M a blocking set for A, B γ . The Γ action on M can be extended to an action on geodesics: (γ α)(t) = γ α(t), so α connects A, B γ and intersects K γ if and only if τ α connects A τ , B τ γ and intersects τ K γ . Now for all τ ∈ Γ, τ K γ is a blocking set for A τ , B τ γ . Denote the projection of γ∈Γ K γ to the billiard by {E (1) , . . . , E (n) } and observe that
Now for every A τ , B γ we have τ K τ −1 γ as a blocking set, so Γ{ E (1) , . . . , E (n) } qualifies as a blocking set simultaneously for all pairs A τ , B γ and this also satisfies Equation (1). (3 ⇒ 1) As before, let K γ be a blocking set for A, B γ ,
{E
(1) , . . . , E (n) } the projection of γ∈Γ K γ to the billiard so Γ{ E (1) , . . . , E (n) } is a blocking set simultaneously for all pairs ( A, B γ ) so by applying Lemma 2.1 we have that {E (1) , . . . , E (n) } is a blocking set on the billiard for A, B.
As a corollary to Lemma 2.3 and for improved nomenclature:
Corollary 2.4. Let n ≥ 0 an integer, M the unfolding of a rational polygon
Infinite cardinality of the set:
results in infinite cardinality of:
And letting
we have: Definition 2.6. 2-dimensional linear submanifold S ⊂ M 2 can be defined by charts U i ⊂ S along with maps U i → C implicitly defined by affine equations y = ψ S,i (x) where ψ S,i are affine maps. When such S is connected, the linear part of ψ S,i is independent of i and we call it Ψ S . S respects the translation structure of (M \ Σ) 2 so when it forms a compact and orientable surface, we call it a translation surface affinely embedded in (M \ Σ) 2 . A point x ∈ M \Σ on a translation surface M that is not a branched cover of the torus, is finitely blocked from only finitely many other points.
Corollary 2.11. If M is not a torus cover, then for every integer k ≥ 0, M k is the union of a finite set and finitely many 2-dimensional manifolds of the second kind.
Proof. By Proposition 2.10, for every x ∈ M \ Σ the set {(x, y) ∈ M 2 :
BC(x, y) ≤ k} is finite hence M k does not coincide with M 2 so by Proposition 2.7 it is a finite union of 0 and 2 manifolds of the listed forms. Again by Proposition 2.10, M k cannot contain any set of the form {x} × M or M × {x} for any x, so the only 2-dimensional manifolds that comprise the union are of the second kind.
Theorem 3. Let Q be a rational polygon, M be the unfolded translation surface, n ≥ 0 an integer such that M |Γ|n M 2 . Let S be a 2-dimensional submanifold of the second kind that appears in the union M |Γ|n , then S ∩ M n (Q) is finite.
Proof. Assume that for some S the intersection is infinite and consider the atlas of charts {U i } i∈I of S in M 2 . Recall that in coordinates, the U i 's are open sets of complex solutions to linear equations of the form
We show that up to taking an equivalent atlas of S, we can take a map With an appropriate v ∈ C. This modified atlas of S has the same declared properties as the arbitrary atlas we started with. Without loss of generality we treat {U i } i∈I as the already modified atlas, allowing us to take some U i such that U i ∩ M n (Q) is infinite.
In O(2), the only elements that act on the plane as a multiplication by a real scalar are ±I. Considering Γ as a subgroup of orthogonal matrices, we note that −I does not arise as a dihedral group for polygons as it would mean that all edges of the polygon are parallel, so Γ cannot be −I . We can therefore pick some matrix τ ∈ Γ that is not a multiplication by a real scalar.
Take U i for which U i ∩ M n (Q) is infinite and let Ω def = {(τ x, y) : (x, y) ∈ U i ∩ M n (Q)}. By Γ 2 invariance, Ω ⊂ M n (Q) ⊂ M |Γ|n and so it is covered by a finite union of 0 and 2-dimensional manifolds as listed in Proposition 2.7, hence there exist a 2-manifold N which contains infinitely many elements of Ω. We first consider the case that N is a submanifold of the first kind.
If N = F × M for some finite F then for some x 0 ∈ F , {x 0 } × M contains infinitely many elements of Ω, but then ({τ
infinite set and this leads to infinitely many y's solving the linear equation:
which is impossible as b = 0. If N = M × F for some finite F , then similarly for some y 0 ∈ F , M × {y 0 } ∩ Ω is infinite and thus for infinitely many x's:
which is not possible as a = 0. Now assume that N is a submanifold of the second kind with an atlas {W j } j∈J , and repeat the above argument to pick a chart W j such that W j ∩ Ω is infinite. Let W j be defined by the equation:
for suitable 0 = a , b ∈ R. Observe that infinitely many pairs (x, y) ∈ W j ∩ Ω solve the equations
and then for infinitely many x's: ), so the dihedral group is in fact the symmetry group of the regular n-gon:
Consider the 2n copies of the triangle, unfolded about the vertex A to form a polygon as in Figure 3 . Glued according to the unfolding construction, this is the translation surface associated with Q. The vertex A with angle π/n unfolds to a removable singularity, considered to be situated at the origin O.
Let α(t) be a lift of α(t) such that for small enough ε, every 0 < t < ε has α(t) ∈ Q (1 Γ ) . Note that at time t = 0, α(t) traverses between Q (1 Γ ) and the copy of Q rotated by π, that is Q (τ ) with τ = (Rot(2π/n)) n/2 ∈ Γ being the element of rotation by π. Now clearly for 0 ≤ t ≤ ε we have α(t) = τ α(−t).
This symmetry can be extended so that for all 0 ≤ t ≤ T , α(t) = τ α(−t)
with T denoting the minimal period time of α(t) as a closed geodesic on a translation surface. Now observe that for the middle points we have α(T /2) = α(−T /2) but also α(T /2) = τ α(−T /2), so α(T /2) is fixed under τ . As Γ acts freely on π −1 (int(Q)), α(T /2) cannot be a lift of an interior point of Q, so it is a lift of a boundary point. By construction, each lift of a point interior to an edge of Q is fixed by a single reflection element of Γ, so α(T /2) must be a singularity.
This is a contradiction to α(t) being a closed geodesic (in case α(T /2) = O), or to T being the minimal period (in case α(T /2) = O). 
